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ABSTRACT
The exact general solution for a sigma model having the 2 − d stringy black
hole (SBH) as internal manifold is found in closed form. We also give the exact
solution for the massless complex Sine-Gordon (MCSG) model. Both, models and
their solutions are related by analytic continuation. The solution is expressed in
terms of four arbitrary functions of one variable.
2
The two dimensional conformal field theory given by the Lagrangian
L = 1
2
∂aU∂
aV
1− UV (1)
where U and V are in general (complex) null type field coordinates, appears in
different and relevant physical contexts:
(i) Eq.(1) is the zero mass limit of the complex Sine-Gordon (CSG) model
[1,2,3,4]. The CSG model is a relativistic massive theory which is integrable at
the classical and quantum levels. The CSG model can be obtained as a reduction
of the O(4) sigma model [3]. In addition, the (massive) CSG model describes the
dynamics of a classical relativistic string coupled to a constant external scalar field
in flat 3 + 1 dimensional space time [1].
(ii) Eq.(1) describes a classical string on a two dimensional stringy black hole
background [5,6]. The massless field theory defined by (1) exhibits aW∞ symmetry
[8].
The case (i) is described by eq.(1) with the reality condition
U = V ∗ (2)
For the case (ii) the reality conditions are
U = U∗ , V = V ∗ (3)
Thus, both theories, the stringy black hole (SBH) and the massless complex Sine-
Gordon (MCSG) are related by analytic continuation.
The aim of this letter is to obtain the exact general solution for these theories
in a closed form. The equations of motion are
∂a
(
∂aV
1− UV
)
= V
∂aU∂
aV
(1− UV )2
∂a
(
∂aU
1− UV
)
= U
∂aU∂
aV
(1− UV )2
(4)
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Introducing (r, t) coordinates given by
U = sinh r et , V = − sinh r e−t (5)
we can summarize the general solution of eqs.(4) as follows
cosh2 r(σ, τ) =
1
2
[
1 + ~A(σ + τ). ~B(σ − τ)
]
(6)
and
t(σ, τ) =
1
2
σ+τ∫
a
(
ǫαβγA
′αAβBγ
~A. ~B − 1
)
(x+, b) dx+
−1
2
σ−τ∫
b
(
ǫαβγB
′αAβBγ
~A. ~B − 1
)
(σ + τ, x−) dx− + c
(7)
Here, ~A(σ + τ) and ~B(σ − τ) are arbitrary three-component vectors lying on the
one sheeted hyperboloids
~A. ~A =− (A0)2 + (A1)2 + (A2)2 = 1
~B. ~B =− (B0)2 + (B1)2 + (B2)2 = 1
(8)
(τ and σ are the time and space coordinates, respectively) ′ stands for the derivative
with respect to the argument, and a, b and c are arbitrary real constants.
In the (r, t) variables, eqs.(5) , the lagrangian density, eq. (1) , and the equa-
tions of motion, eq. (4) , read respectively
L = 1
2
[
(∂ar)
2 − tanh2 r (∂at)2
]
(9)
∂a
(
tanh2 r ∂at
)
= 0
∂a∂
ar +
sinh r
cosh3 r
(∂at)
2 = 0
(10)
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For the SBH theory, the reality conditions, eq. (3) amount to
(i) t∗ =t and r∗ = r for U V < 0
(ii) (t− iπ/2)∗ =t− iπ/2, and r∗ = −r for 0 < U V < 1
(11)
Regions (i) and (ii) are, respectively, the outside of the black hole and the region
inside the horizon ((r, t) are Schwarzschild coordinates).
Eqs.(10) are the equations of motion of a sigma model defined on a stringy
black hole manifold as internal space. This is the coset SL(2, R)/U(1) with metric
ds2 = − tanh2 r (dt)2 + (dr)2
For the MCSG theory the following coordinates are usually introduced [2,3]
U = eiλ cos θ , V = e−iλ cos θ (12)
In terms of λ and θ, the lagrangian density and the equations of motion read
L = −1
2
[
(∂aθ)
2 + cot2 θ (∂aλ)
2
]
(13)
∂a
(
cot2 θ ∂aλ
)
= 0
∂a∂
aθ +
cos θ
sin3 θ
(∂aλ)
2 = 0
(14)
The reality condion (2) translates simply into λ∗ = λ and θ∗ = θ . From eqs.(5)
and eqs. (12) the fields r and t are related to the fields θ and λ by the analytic
transformation
r = i(θ − π/2) , t = i(λ+ π/2) (15)
We consider now the SBH theory and proceed to obtain the general solution of
equations (10) . For that purpose we shall use the construction of ref.[1] in which
5
the equations for a relativistic one dimensional extended object coupled to a mass-
less scalar field lead to the equations of the massive Sine-Gordon system as inte-
grability conditions. In ref. [1], particular solutions of the massive Sine-Gordon
model in 1+1 dimensions were used to construct solutions of strings coupled to an
external field in a 3+1 dimensional Minkowski space-time. Instead, we shall work
in the opposite sense: we shall start with a free string in 2 + 2 flat space-time to
produce the general solution of the equations for the SBH theory. (A free string in
3+1 dimensional Minkowski spacetime produces the general solution of the MCSG
theory).
The world sheet surface Xµ(σ, τ) = (X˜0, X0, X1, X2)(σ, τ) of a free string
moving in a four dimensional flat space with metric diag(−,−,+,+) satisfies the
wave equation (
∂2
∂τ2
− ∂
2
∂σ2
)
Xµ = 0 (16)
and the constraints (
∂Xµ
∂τ
)2
+
(
∂Xµ
∂σ
)2
= 0
∂Xµ
∂σ
.
∂Xµ
∂τ
= 0
(17)
Choosing the gauge X˜0 = τ and projecting the world sheet Xµ(σ, τ) over the 1+2
hyperplane (X0, X1, X2) we obtain a surface M given by Xα(σ, τ), (α = 0, 1, 2)
which satisfies the following equations
(
∂2
∂τ2
− ∂
2
∂σ2
)
Xα = 0 (18)
(
∂Xα
∂τ
)2
+
(
∂Xα
∂σ
)2
= 1
∂Xα
∂σ
.
∂Xα
∂τ
= 0
(19)
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whose general solution is
Xα(σ, τ) = φα(σ + τ) + ψα(σ − τ) (20)
Here φα and ψα are arbitrary functions satisfying
(φ′α)2 = (ψ′α)2 = 1/4 (21)
Then, introducing the notation,
Aα ≡ 2 φ′α , Bα ≡ 2 ψ′α (22)
the class of surfaces M that satisfy equations (18) and (19) can be described by
two 2 + 1 real vectors of arbitrary functions, Aα(σ + τ) and Bα(σ − τ), lying on
the one-sheeted hyperboloids (8) .
On the other hand, the metric on M , induced by the flat metric (−,−,+,+)
takes the form
ds2 = (∂σX
µ)2 dσ2 + 2 ∂σX
µ∂τX
µ dσdτ + (∂τX
µ)2 dτ2
Taking into account eqs.(19) , this metric can be parametrized as
ds2 = − sinh2 r dτ2 + cosh2 r dσ2 (23)
and the metric function cosh2 r for the surface M takes the form of eq.(6) .
Here r can be either real or purely imaginary, as follows from the conditions
(i)-(ii).
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We would like to remark here that the black hole metric (1)
Gab =
(
− tanh2 r 0
0 1
)
(24)
and the world-sheet metric (23)
gab =
(
− sinh2 r 0
0 cosh2 r
)
(25)
differ by an obvious conformal factor cosh2 r, which coincides with the exponential
of the dilaton field in this case [5]:
Φ(r) = ln cosh2 r
Now, as it is well known in classical differential geometry, the surface M satisfies
the pseudoeuclidean version of the Gauss-Weingarten equations [7]
∂a∂bX
α = Γcab ∂cX
α + hab N
α (26)
determining the embedding of the surface M in the flat spacetime. Here Γcab are
the Christoffel symbols corresponding to the metric (23) , on the surface M , Nα
is the unit normal to the surface M given by
Nα =
nα√
nαnα
, where nα = ǫαβγ ∂τX
β ∂σX
γ (27)
and hab is the extrinsic curvature or second fundamental form
hab = −∂aNα∂bXα = Nα∂a∂bXα (28)
The integrability conditions for eqs.(26) are the Gauss equations
Rabcd = hachbd − hadhbc
where Rabcd is the Riemann curvature tensor on M , and the Codazzi-Mainardi
8
equations
Γcabhdc − Γcdahbc + ∂dhab − ∂bhda = 0
In two dimensions there is only one independent Gauss equation and two indepen-
dent Codazzi-Mainardi equations. For a surface that satisfies (18) and (19) the
metric and the second fundamental form can be written as matrices of the form
gab =
(
−E 0
0 G
)
(29)
hab =
(
H L
L H
)
(30)
and then the Gauss and Codazzi-Mainardi equations reduce to
∂2σE − ∂2τG+
1
2
∂τG ∂τ lnEG− 1
2
∂σE ∂σ lnEG = 2 (H
2 − L2)
H
(
1
E
− 1
G
)
∂σE + L∂τ ln[G/E] + 2 ∂τL− 2 ∂σH = 0
H
(
1
E
− 1
G
)
∂τG+ L∂σ ln[G/E] + 2 ∂τH − 2 ∂σL = 0
(31)
In the particular case of our metric (23) , equations (31) become
sinh r cosh r ∂a∂ar = H
2 − L2
∂τ [L coth r] = ∂σ [H coth r]
∂τ [H tanh r] = ∂σ [L tanh r]
(32)
Let us see now how the SBH sigma model equations of motion (10) actually arise
from eqs.(32) . We deduce from the second equation (32) that there exists locally
a field t(σ, τ) such that
∂t
∂τ
= H coth r ,
∂t
∂σ
= L coth r (33)
which inserted in the other two equations (32) yields equations (10) .
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In eqs.(32) we used the metric (23) for which f(r) ≡ EG = tanh2 r, but notice
that we could consider a world-sheet metric with an arbitrary f(r) and G−E = 1.
Then the Codazzi-Mainardi equations would take the form
∂τ
[
L√
f(r)
]
= ∂σ
[
H√
f(r)
]
∂τ [H
√
f(r)] = ∂σ[L
√
f(r)]
However, these equations together with the Gauss equation (31) would derive from
a lagrangian density
L = 1
2
[
(∂ar)
2 − f(r)2 (∂at)2
]
(34)
if and only if f(r) = tanh2 r or f(r) = coth2 r .
We summarize now what we have done from equations (23) to (33) : the fields
r and t have been identified as particular combinations of the functions entering
the first and second fundamental forms of the surface M . Furthermore, the SBH
sigma model equations of motion (10) , satisfied by the fields r and t, have been also
identified with part of the Gauss and Codazzi-Mainardi equations for M . Then,
since we know the class of surfaces M satisfying (18) and (19) , we also know the
general solutions for the SBH sigma model equations of motion. More precisely,
the unit normal Nα, eq. (27) , and the second fundamental form functions, H and
L (28) , have the following expressions in terms of the arbitrary functions ~A(σ+ τ)
and ~B(σ − τ) lying on the hyperboloids (8)
Nα =
1√
( ~A. ~B)2 − 1
ǫαβγA
βBγ
H =
1
2
√
( ~A. ~B)2 − 1
ǫαβγA
βBγ(A′α +B′α)
L =
1
2
√
( ~A. ~B)2 − 1
ǫαβγA
βBγ(A′α −B′α)
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These equations inserted in (33) yield
∂+t =
1
2
1
~A. ~B − 1
ǫαβγA
βBγA′α , ∂−t = −1
2
1
~A. ~B − 1
ǫαβγA
βBγB′α (35)
where we have defined σ± = σ ± τ .
Thus, eq.(7) together with eq.(6) (which yield t(σ, τ) and cosh2 r(σ, τ) provide
closed formulae for the general solutions of the sigma model SBH equations. Fur-
thermore, recalling eq.(8) we see that the general solutions for the fields r(σ, τ)
and t(σ, τ) depend on the four arbitrary real valued functions of one variable :
α(σ+), φ(σ+), β(σ−) and ψ(σ−), which are introduced through the parametriza-
tion
(A0, A1, A2) = (sinhα, coshα cos φ, coshα sinφ)
(B0, B1, B2) = (sinh β, cosh β cosψ, cosh β sinψ)
(36)
Nevertheless, since the equations of motion are conformal invariant, one of the
functions depending on σ+ and one of the functions depending on σ− can be
chosen arbitrarily.
It is easy to check that these solutions describe massless lumps which scatter
with unit S-matrix, as expected for a conformal invariant theory in two dimensions.
The energy-momentum tensor for the SBH sigma model is
T±± = 1
2
[
(∂±r)
2 − tanh2 r (∂±t)2
]
(37)
It is conserved
∂∓T±± = 0
and for the general solution, (6) and (7) , it takes the form
T++ = −A
′2(σ + τ)
8
, T−− = −B
′2(σ − τ)
8
Concerning the reality conditions (i) and (ii), eqs.(11) , some comments are in
order. When ~A. ~B ≥ 1, according to equations (6) and (7) , we can take r and
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t to be real and we are in the region outside the black hole. On the other hand,
when 0 ≤ ~A. ~B ≤ 1 equation (6) tells us that r is pure imaginary, while equation
(7) allows us to have (t − iπ/2)∗ = t − iπ/2, by choosing the arbitrary constant
to be iπ/2, and we are then in the region inside the horizon. Finally, ~A. ~B ≤ 0
corresponds to the solutions in the unphysical region UV > 1. We also note that
the singularity for ~A. ~B = 1 in equations (35) gives the expected discontinuity
for the Schwarzschild time t at the crossing of the horizon, in such a way that
two different integration origins must be taken in formula (7) at both sides of the
horizon.
The constraint equations of the free string in 2 + 2 flat spacetime define (in
the X0 = τ gauge) the sigma model manifold SL(2, R)/U(1) which is the SBH
manifold. If we want to consider strings propagating in this background, besides
the equations of motion (10) we should impose the string constraints
T±± = 0
By imposing these constraints, the general solution given by eqs. (6) - (7) can be
reduced to the string solution presented in ref.[6].
Let us turn now to the MCSG case. As we mentioned above, the solution of
the MCSG equations (14) can be obtained by analytic continuation of the SBH
sigma model solution. In fact, we analytically continue the formulae (8) , (6) and
(7) for complex Aα and Bα. We perform the substitutions
A0 = iA3 , B0 = iB3
and introduce the notation
~A = (A1, A2, A3), ~B = (B1, B2, B3).
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Then, we obtain
cosh2 r =
1
2
(1− ~A. ~B)
∂+t =
1
2
i
~A. ~B − 1
( ~A ∧ ~B). ~A′
∂−t = −1
2
i
~A. ~B − 1
( ~A ∧ ~B). ~B′
(38)
~A2 = 1 = ~B2 (39)
By using equations (15) these equations can be rewritten as
sin2 θ =
1
2
(1 + ~A. ~B)
∂+λ =
1
2
1
~A. ~B − 1
( ~A ∧ ~B). ~A′
∂−λ = −1
2
1
~A. ~B − 1
( ~A ∧ ~B). ~B′
~A2 = 1 = ~B2
(40)
Now, for real ~A and ~B (θ and λ are hence real), equations (40) provide the general
solution for the MCSG theory. Furthermore, condition (39) tells us that this
solution depends on the four arbitrary real valued functions αˆ(σ+), φˆ(σ+), βˆ(σ−)
and ψˆ(σ−), through the parametrization
~A = (sin αˆ cos φˆ, sin αˆ sin φˆ, cos αˆ)
~B = (sin βˆ cos φˆ, sin βˆ sin ψˆ, cos βˆ)
(41)
We also note that the parametrization (41) is easily related to its pseudoeuclidean
counter-part by
α = i(αˆ− π/2) , φˆ = φ , β = i(βˆ − π/2) , ψˆ = ψ
We would like to point out that the general solution for the MCSG theory can
alternatively be obtained by starting with a free string in a 3 + 1 dimensional
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Minkowski space-time and in the gaugeX0 = τ . Then, one considers the projection
M of the world-sheet over the three dimensional euclidean space, and one identifies
eqs. (40) as part of the Gauss and Codazzi-Mainardi equations for the surface M .
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